Introduction
The Tate conjecture for divisors [14] is well known to be closely related to the finiteness properties of the Brauer-Grothendieck group Br (X) = H 2 et (X, G m ). This fact was first discovered for varieties over finite fields by Artin and Tate ([14] , see also [9] ) who studied the Brauer group of a surface. In particular, the order of Br (X) appears in the formula for the leading term of the zeta-function of X. For a variety X of arbitrary dimension defined over a finite field of characteristic p the Tate conjecture for divisors implies the finiteness of the prime-to-p component of Br (X), as proved in [19] .
Since Manin observed that the Brauer group of a variety over a number field provides an obstruction to the Hasse principle [8] , the Brauer groups of varieties over fields of characteristic 0 have been intensively studied. Most of the work done is devoted to the so called algebraic part Br 1 (X) of Br (X), defined as the kernel of the natural map Br (X) → Br (X), where X = X × k k, and k is a separable closure of k with the Galois group Γ = Gal (k/k). However, the classes surviving in Br (X) can produce a non-trivial obstruction to the Hasse principle and weak approximation (see [6] and [15] ), so for arithmetic applications one has to take into account all of the Brauer group Br (X).
Let Br 0 (X) be the image of the natural map Br (k) → Br (X). The Brauer group Br (X) may in general be infinite for two reasons: on the one hand, Br 0 (X) can be infinite, and on the other hand, the quotient Br 1 (X)/Br 0 (X) is closely related to H 1 (k, Pic (X)), which may be infinite if the divisible part of Pic (X) is non-zero.
In this note we prove the following two theorems. For K3 surfaces of Picard rank 20 Theorem 1.2 was proved by Raskind and Scharaschkin [11] . In an unpublished note Colliot-Thélène proved that the ℓ-primary torsion subgroup of Br (X) Γ is finite for every prime ℓ, where X is a surface over a field finitely generated over Q, assuming the validity of the Tate conjecture for divisors on X.
We actually obtain results slightly stronger than Theorems 1.1 and 1.2. Recall that the Hochschild-Serre spectral sequence
gives rise to the injective map Br (X)/Br 1 (X) ֒→ Br (X) Γ . (A description of some of the differentials of the Hochschild-Serre spectral sequence can be found in [12] .) If X is a K3 surface, the Galois group acts on the Picard group Pic (X) via a finite quotient, so that H 1 (k, Pic (X)) is finite. We prove the finiteness of Br (X) Γ under the conditions of Theorems 1.1 or 1.2. The theorems follow from this.
If k is a number field, Theorem 1.2 implies the openness of the set of adelic points of a K3 surface X satisfying all the Brauer-Manin conditions given by the elements of Br (X), see Corollary 4.1. Let us finish this introduction by mentioning some open problems regarding rational points on K3 surfaces. Previous work on K3 surfaces fibred into curves of genus 1 (see [1] , [13] ) indicates that it is not unreasonable to expect the Manin obstruction to be the only obstruction to the Hasse principle on K3 surfaces. One could raise a more daring question: is the set of k-points dense in the Brauer-Manin set X(A k ) Br ? By Corollary 4.1, this would imply that the set of k-points on any K3 surface over a number field is either empty or Zariski dense.
Preliminaries
If B is a commutative group, we denote by B tors the torsion subgroup of B, and write B/ tors = B/B tors . For a positive integer m let B m be the set of b ∈ B such that mb = 0, and let B(m) be the union of the subgroups B m n for all n = 1, 2, . . . For a field k with separable closure k we denote by Γ the Galois group Gal (k/k); for a variety X over k we write X = X × k k.
Let ℓ be a prime. From the exact Kummer sequence of sheaves inétale topology
we obtain the well known exact sequence
Since Pic (X) is an extension of the Néron-Severi group NS (X) by a divisible group, we have Pic (X) ⊗ Z/ℓ n = NS (X) ⊗ Z/ℓ n . Since the groups H 2 et (X, µ ℓ n ) are finite, on passing to the projective limit we get an exact sequence of Γ-modules
where T ℓ Br (X) ≃ Z r ℓ is the Tate module attached to Br (X) (the projective limit of Br (X) ℓ n for n tending to infinity). This sequence shows that the torsion subgroup of H
From (2) we obtain the exact sequence 
Proof We first give a short proof in the case when X is a surface, and then a slightly longer argument in the general case. So let X be a smooth projective geometrically integral surface. Let n = |NS (X) tors |. The cycle map defines the commutative diagram of pairings given by the intersection index and the cup-product:
The kernel of each pairing is the respective torsion subgroup, moreover, the upper pairing is a perfect auto-duality of the Galois module H 2 et (X, Z ℓ (1))/ tors . Let δ be the discriminant of the bilinear form on NS (X)/ tors coming from the bottom pairing of (4). DefineM to be the orthogonal complement to NS (
is the torsion subgroup of NS (X) ⊗ Z ℓ , and the index of
The pairings (4) are respected by the action of the Galois group, thusM has a natural Γ-module structure, and hence so does M. As a Z ℓ -module, M is free, and
is still finite. This index equals 1 if ℓ does not divide nδ.
Let us give a proof in the general case. Fix an embedding k ֒→ C, and choose an ample divisor class L on X. Consider the bilinear form
The Hard Lefschetz theorem says that the map
is an isomorphism of vector spaces over Q. The Poincaré duality now implies that ρ is non-degenerate. Let us show that the restriction of ρ to NS (X)/ tors ⊂ H 2 (X(C), Z)/ tors is also non-degenerate. Indeed, let P ⊂ H 2 (X(C), Z)/ tors be the orthogonal complement to L, that is, the kernel of the multiplication by L d−1 . The group H 2 (X(C), Z)/ tors contains the (orthogonal) direct sum ZL ⊕ P as a subgroup of finite index. The form ρ is positive definite on ZL since L is ample. On the other hand, the restriction of ρ to P is negative definite by a generalization of the Hodge index theorem. This implies the non-degeneracy of ρ on the direct sum of ZL and NS (X)/ tors ∩ P . Since this intersection is a subgroup of finite index in NS (X)/ tors , we get the desired non-degeneracy on NS (X)/ tors .
LetT be the orthogonal complement to NS (X) in H 2 (X(C), Z) with respect to the pairing induced by ρ. ThenT ∩ NS (X) is the torsion subgroup of NS (X). Let n = |NS (X) tors |. Define T = nT ; this is a free Z-module such that T ∩ NS (X) = 0 and the direct sum NS (X) ⊕ T has finite index δ in H 2 (X(C), Z). If a prime ℓ does not divide δ, then
By the comparison theorem we have an isomorphism of Z ℓ -modules
which is compatible with cup-products. We define the pairing
by the same formula as ρ. The pairing on NS (X) induced by ρ ℓ coincides with that induced by ρ, hence ρ ℓ is non-degenerate on (NS (X) ⊗ Z ℓ )/ tors . ThusT ⊗ Z ℓ is the orthogonal complement to NS (X) ⊗ Z ℓ with respect to ρ ℓ . Since ρ ℓ respects the action of the Galois group,T ⊗ Z ℓ carries a natural Γ-module structure, and hence so does T ⊗ Z ℓ . Thus M = T ⊗ Z ℓ satisfies all the required properties. QED Corollary 2.2 Let X be a smooth projective geometrically integral variety over a field k of characteristic 0. The map
is zero for all but finitely many ℓ.
Proof We have an exact sequence
Assume that ℓ does not divide the order of the torsion subgroup of H 3 (X(C), Z). Then, by the comparison theorem and Proposition 2.1, the Γ-module NS (X)⊗Z/ℓ = (NS (X) ⊗ Z ℓ ) ⊗ Z/ℓ is a direct factor of the Γ-module H
, where a * D is the translation of D by a. If L is the class of D in NS (A), then this map depends only on L, and is denoted by φ L , see [10] . For α ∈ Hom(A, A t ) we denote by α t ∈ Hom(A, A t ) the transpose of α. Note that
with the symmetric part Hom(A, A t ) sym of Hom(A, A t ) (see [7] , [10] , Ch. 20).
Let ℓ be a prime different from the characteristic of k. From the Kummer sequence one obtains the well known canonical isomorphism H
1). The two Weil pairings
differ by −1 (see [7] , 7.2, Thm. 5, III), thus we have canonical isomorphisms of Galois modules H
For the proof of Theorem 1.1 we need the following variant of Proposition 2.1 which applies to abelian varieties defined over an arbitrary field k. 
Proof Consider the pairing
given by Tr(yx) = Tr(xy). Let us prove that it is non-degenerate. For this it is enough to prove the non-degeneracy of the pairing
where Hom 0 (A, A t ) = Hom(A, A t ) ⊗ Q. Choose an ample divisor class L ∈ Pic (A), and consider the following commutative diagram of pairings:
The vertical maps here are isomorphisms: the left hand map sends x to φ L is defined over k, this form is respected by the action of the Galois group on NS (A). Let us construct a similar pairing in ℓ-adicétale cohomology. Passing to the projective limit in (5) we obtain canonical Galois equivariant isomorphisms
where T ℓ (A) is the Tate module of A. We have the following commutative diagram of pairings
where the upper pairing is given by the same formula Tr(βα) = Tr(αβ) as before, and the lower pairing comes from the Weil pairing. The lower pairing is a perfect duality of Galois modules, hence the same is true for the upper pairng.
This diagram commutes because the two pairings are defined by the same rule. Let M be the orthogonal complement to NS (A t )⊗Z ℓ in H Choose some Z-bases in NS (A) and NS (A t ), and let δ be the determinant of the matrix of the lower pairing of (9) with respect to these bases. If (ℓ, δ) = 1, the induced pairing
is also a perfect duality of Galois modules. In this case H
Applying the Tate conjecture
Let us recall a variant of Tate's conjecture on homomorphisms which first appeared in [18] . It asserts that if k is finitely generated over its prime subfield, char(k) = 2, and A and B are abelian varieties over k, then the natural injection
is an isomorphism for all but finitely many ℓ. This assertion is known to be true. In the finite characteristic case this is proved in [18, Thm. 1.1]. Cor. 5.4.5 of [20] proves this when A = B and k is a number field:
The same proof works over arbitrary fields that are finitely generated over Q, provided one replaces the reference to Prop. 3.1 of [20] by a reference to the corollary on p. 211 of [4] . Applying (11) to the abelian variety A × B, we obtain the desired equality (10).
Lemma 3.1 Suppose that k is finitely generated over its prime subfield and char(k) = 2. Let A be an abelian variety over k. Then for all but finitely many ℓ we have the following statements:
Proof From the isomorphism of Γ-modules H
Similarly, the isomorphism of Galois modules NS (A) = Hom(A, A t ) sym gives rise to the canonical isomorphism
The following diagram commutes (the left hand vertical map is the obvious one):
If ℓ = 2, then both Hom(A, A t ) ⊗ Z/ℓ and Hom Γ (A ℓ , A t ℓ ) are the direct sums of their symmetric and skew-symmetric subgroups. Thus the variant of Tate's conjecture on homomorphisms discussed above implies that the right hand vertical map in (12) is an isomorphism for all but finitely many ℓ. This proves (i) and (ii). Statement (iii) follows from statement (i), Corollary 2.2 and the exact sequence (3). QED
We need an easy lemma from linear algebra. 
Proof Let us fix an embedding k ֒→ C. After replacing k by a finite extension we can assume that NS (X) Γ = NS (X).
The integral cohomology group H 2 (X(C), Z) ≃ Z 22 has a natural Z-valued bilinear form ψ given by the intersection index. By the Poincaré duality ψ is unimodular. We define the lattice of transcendental cycles T X as the orthogonal complement to the injective image of NS (X) in H 2 (X(C), Z). The restriction of ψ to NS (X) is non-degenerate, and we write δ for the absolute value of the corresponding discriminant. Then NS (X) ∩ T X = 0, and NS (X) ⊕ T X is a subgroup of H 2 (X(C), Z) of finite index δ. Assume that (ℓ, δ) = 1. Then we have
The restriction of the Z/ℓ-valued pairing induced by ψ to NS (X) ⊗ Z/ℓ is a perfect pairing, so that T X ⊗ Z/ℓ is the orthogonal complement to NS (X) ⊗ Z/ℓ. Since
et (X, µ ℓ ) compatible with cup-products. Thus for ℓ not dividing δ we have an orthogonal direct sum H 2 et (X, µ ℓ ) = (NS (X) ⊗ Z/ℓ) ⊕ (T X ⊗ Z/ℓ), so that for these ℓ the abelian group T X ⊗ Z/ℓ carries a natural Γ-module structure.
Let L ∈ Pic (X) = NS (X) be the class of an ample divisor, and P ⊂ H 2 (X(C), Z) the orthogonal complement to L with respect to ψ. Let C + (P ) be the even Clifford Z-algebra of (P, ψ). The complex vector space P C has a weight 0 Hodge decomposition of type {(−1, 1), (0, 0), (1, −1)} inherited from H 2 (X(C), C) (1) . By the Lefschetz theorem T X intersects trivially with the (0, 0)-subspace.
In his adaptation of the Kuga-Satake construction, Deligne ([2], Prop. 6.5) shows that, after replacing k by a finite extension, there exists an abelian variety A over k with complex multiplication by C + (P ) = H 1 (A(C), Z). Note that the complex vector space End C (H 1 (A(C), C) ) has a weight 0 Hodge decomposition with weights (−1, 1), (0, 0) and (1, −1) . The endomorphisms End(A) ⊂ End Z (H 1 (A(C), Z) ) have Hodge type (0, 0).
Let us first consider the case when rk NS (X) ≥ 2. Then there exists a non-zero element m ∈ NS (X)
Since m ∧ T X does not contain non-zero elements of type (0, 0), we have
We observe that the Γ-module T X ⊗Z/ℓ is isomorphic to m∧(T X ⊗Z/ℓ) ⊂ End(A ℓ ). Lemma 3.2 implies that m ∧ T X ⊗ Z/ℓ intersects trivially with End(A) ⊗ Z/ℓ for all but finitely many ℓ. By a variant of Tate's conjecture (11) for all but finitely many ℓ we have End(A ℓ ) Γ = End(A) ⊗ Z/ℓ, thus every Γ-invariant element of m ∧ (T X ⊗ Z/ℓ) is contained in End(A) ⊗ Z/ℓ, and hence must be trivial. It follows
Γ for all but finitely many ℓ.
It remains to consider the case rk NS (X) = 1. Then T X = P ≃ Z 21 , and so ∧ 20 T X is the dual lattice of T X . We have
Since T X does not contain non-zero elements of type (0, 0), the same is true for ∧ 20 T X for the dual Hodge structure. The same arguments as before then show that (∧ 20 T X ⊗Z/ℓ) Γ = 0 for all but finitely many ℓ. The bilinear Z/ℓ-valued form induced by the cup-product on T X ⊗ Z/ℓ ⊂ H 2 et (X, µ ℓ ) is a perfect pairing for all but finitely many ℓ, so that this Galois module is self-dual. Thus the Galois modules T X ⊗ Z/ℓ and ∧ 20 T X ⊗ Z/ℓ are isomorphic, and we conclude that (T X ⊗ Z/ℓ) Γ = 0. This finishes the proof. QED Lemma 3.4 Suppose that k is finitely generated over its prime subfield and char(k) = 2. Let A be an abelian variety over k. Then the ℓ-primary torsion subgroup Br (A) Γ (ℓ) is finite for all ℓ = char(k).
Proof We note that Br (A)(ℓ) ≃ (Q ℓ /Z ℓ ) m (see [5] ), so that Br (A) ℓ n is finite for any ℓ = char(k) and n. It is enough to prove that there are no Γ-invariant elements in Br (A) of exact order ℓ n , if n is large enough. Let M ⊂ H 2 et (A, Z ℓ (1)) be as in Proposition 2.1. We obtain an obvious commutative diagram, where |N| = ℓ a for some a ≥ 0:
The middle vertical map is surjective since H Recall that if k is a number field, then X(A k ) denotes the space of adelic points of X, and X(A k )
Br denotes the set of adelic points orthogonal to Br (X) with respect to the Brauer-Manin pairing (given by the sum of local invariants of an element of Br (X) evaluated at the local points, see [8] ).
Corollary 4.1 Let X be a K3 surface over a number field k. Then X(A k )
Br is an open subset of X(A k ).
Proof The sum of local invariants of a given element of Br (X) is a continuous function on X(A k ). Thus the corollary is a consequence of Theorem 1.2. QED
